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ABSTRACT 

In this paper we consider an abstract Volterra integral equation in an ordered 
Banach space. We establish some monotonicity properties of solutions and 
apply these results to their asymptotic behaviour. This is done by using the 
method of upper and lower solutions. 

1. Introduction 

The purpose of this paper is to study some qualitative properties of solutions 
of the abstract integral equation 

(1.0 f0' Co' u(t)  + b(t - s)Au(s)dsguo + b(t - s)g(s)ds,  t >-_ 0 

in a real Banach space X. 
Here A is an m-accretive operator, possibly multivalued in X, u0 E D(A),  the 

closure of the domain of A,  b is a real kernel and g ~ (0, + ~ ;  X). 
Throughout this paper we shall consider equation (1.1) for a class of kernels 

which was introduced in [7] (see H4 and Hs) and called completely positive in 
[8] (see Section 3). 

The existence of solutions in a suitable sense was considered in [9], [ 13] and 
more recently in [ 14]. 

We shall frequently refer to these papers for the existence theory concerning 
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(1.1). The choice of the class of complete positive kernels is not only important 
for the development of reasonable existence theory, but is also of great in- 
fluence in the consideration of  qualitative properties of solutions. 

In fact, recent studies on the positivity of solutions of (1.1) when X is an 
ordered Banach space (see [3], [8]) or on the asymptotic behavior of solutions 
as t goes to infinity (see [4], [5], [6], [7], [8], [15], [16], [17], [19], [21], [22]) 
show that the complete positivity of  b plays a crucial role in the analysis. 

In this paper we shall discuss, under some suitable assumptions, special 
properties enjoyed by the solutions to (1.1), namely, invariance with respect to 
a dosed convex set contained in X, monotonicity (decreasingness or increas- 
ingness) and asymptotic behavior as t goes to infinity. 

Some results of this paper complement preceding work of Friedman 
[ 10]-[ 12] about monotonicity of solutions. 

The paper is organized as follows: Section 2 contains some notations and 
preliminary facts concerning (1.1). In Section 3 we give a new characterization 
of the class of complete positive kernels and we correct a gap in the proof of 
Theorem 2.2 of [8], p. 520 (2.15) which will be used in an essential way 
throughout the rest of the paper. Section 4 is mainly devoted to the proof of a 
"singular perturbation" result (see Proposition 4.1) which will be used in 
Section 5 and seems to be of interest in itself. 

Finally Section 5 contains a general invariance result of solutions to (1.1) 
with respect to a closed convex set contained in X and a sufficient condition 
(see Theorem 5.3) which insures, in the case when X is an ordered Banach 
space, that the solutions of (1.1) are decreasing or increasing in time. 

We conclude the paper with an application to the study of the asymptotic 
behavior of the solutions to a class of scmilincar Voltcrra equations in an 
ordered Banach space extending to the Volterra equations the classical results 
of Sattinger (see [23]). 

2. Preliminaries 

Throughout this paper we shall use the following notations. X is a real 
Banach space endowed with the norm l[ " [I • The operator A : D ( A )  c X ~  2 x 

is m-accretive (see [9]), and when A is linear we shall assume as usual that A is 

single-valued. 
We denote the resolvent and the Yosida approximation of A by J~ and A~, 

that is 

Jx :=  (1 +2/1) -I, Az :-- A-l(l - J D  for every A > 0. 
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Given T > 0 and a Banach space Y, we use the standard notation L~(0, T; Y) 
for the space of Bochner integrable (equivalence classes of) Y-valued 
functions. 

If Y - - R ,  we write L~(0, T) instead of L~(0, T; R). If b 6L~(0, T) and 
fELl(O, T; Y) we define 

£, (b , f ) ( t ) ' f f i  b( t  - s ) / ( s ) d s ,  t e[O,  rl.  

Let us recall that if f~LP(O, T; Y) 
LP(0, T; Y) and 

(2.1) l[ b *flip < 

where IIb Ii, :=  ~rlb(s)lds and 

and 

for some p ~ [ l , + o o ] ,  then b , f ~  

IIb II, I I fL  

II f 1[ ~ :=  ess sup i[ f( t)  1[ 
t~[0,T] 

i f l < p < o o  

i f p=oo .  

Y0 s(b)(t) = 1 - ( 1  * r(b))(t)= 1 - r(b)(s)ds (2.6) 

Forf6L'(O,  T; Y) and b 6L ' (0 ,  T) the equation 

(2.2) u + b • u -- f on [0, T] 

possesses a unique solution u in Ll(0, T; Y). 
In particular if Y = R and f =  b ( r e sp . f=  1) we denote the solution to (2.2) 

by r(b) (resp. by s(b)). 
Then the solution to (2.2) is given by 

(2.3) u = f -- r(b) , f .  

I f f = b . g ,  for some g~Ll (0 ,  T; Y) then u • r ( b ) , g ,  hence the unique 
solution of 

(2.4) u + b • u -- u0 + b • g on [0, T] 

with UoE Yand g6L~(0,  T; Y) is given by 

(2.5) u(t) = s(b)(t)Uo + (r(b) *g)(t), t E[0, T]. 

From (2.2) we also have 
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which implies that s(b)EAC(O, T) and 

r(b)(t) ffi -s(b) ' ( t )  a.e. on [0, T]. 

Finally consider the equation 

(2.7) u + b .Aau ffi Uo + b . g  

with b ~ L  ~(O, T), uoEX, gELS(O, T; X) and 2 > 0. 
From the definition of Aa and (2.4), it follows that (2.7) is equivalent to 

(2.8) u(t)=(r(A-~b) .(Jau + 2g))(t) + s(A-~b)(t)Uo, tE[0 ,  T]. 

Using a standard contraction argument in L m(0, T; X) one proves the existence 
and uniqueness of a solution ua of (2.7) in L~(0, T; X). 

Moreover 
ua - lim u~ ") in L~(0, T; X) 

where 

(2.9) 
u~ °) -- arbitrary element of L ~(0, T; X), 

u~ ") = r(A-Ib) . (  Jau~ "-l) + Ag) + s(A-lb)uo. 

Note that if T* E (0, T) then the restriction on [0, T*] of a solution of  (2.7) on 
[0, T] is the solution of(2.7) on [0, T*]. 

Finally we shall use the notations (1 _-< p ffi< or) 

W0t"(0, T; Y) :=  {u ~ W', '(0, T; Y) : u(0)-----~0} 

and the standard abbreviations BV - -  bounded variation, AC m absolutely 
continuous, C - -  continuous, and the corresponding functional spaces. 

3. Completely positive kernels 

In this section we shall consider three equivalent characterizations of a class 
of  kernels which were introduced in [7]. 

THEOREM 3.1. Let bELl (0 ,  T), for some T > 0 .  Then the following as- 
sertions are equivalent: 

(i) s(2bX. ) is nonnegative and nonincreasing on [0, T] for ewry  2 > 0, and b 
is not identically zero. 

(ii) There exist a > 0 and kELP(0, T) nonnegative and nonincreasing such 
that 
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(3.1) ab(t) + (k • b)(t) -~ 1 on [0, T]. 

(iii) Let Bp : L°(O, T)---, L°(O, T), p E [ 1, + oo1 be defined by 

(3.2) B p u : = b , u  fo ruELo(O,T) .  

Then Bp is injective and F p : = B / 1  is m-accretive in LP(O, T), for all p ~  
[ 1, + ~1, with nonnegative resolvent Jz --- (1 + Alp) -~for  every 2 > O. 

In order to prove Theorem 3.1 we need the following: 

L~MMA 3.2. Let b E L  l(O, T) be such that there exist a ~ R  and k E L  l(O, T) 
satisfying (3.1). Define Bp as in (3.2) for p E [ 1, + oo ]. Then: 

(i) B o is injective. 
(ii) Fp, the inverse of  B~, satisfies 

D(Fo) -- {u EL ' (0 ,  T) : au + k • u ~ Wd'~O, T)}, 

rpu ---(au +k,u)'. 

1 + 2Fp:D(Fo)...*Lo(O, 1") 
is a bijeetion and 

(1 + 2Fp)- Iu  -- r( ; t - lb)  . u .  

PRooF. (i) Assume u EL°(O, T), for s o m e p  ~[1,  + oo] and b • u = 0. Then 
(3.1) implies 

1 , u  ~-ab*u  + k * b * u  = 0  

on [0, T], hence u = 0 a.e. on [0, T]. 
(ii) First we prove F o .B  o = I. Let u ~LP(O, T), then 

a b . u  + k , b . u  = 1 • u E W~.P(0, T). 

Thus  Bpu ED(Fp) and Fp .B  o = (1 • u)' ~ u. 
Next we prove Bp .F t, = lo(r,). Let u ~D(Fp),  then 

b . (au  + k . u ) ' =  [(au + k . u )  . b ] ' - - ( 1  . u ) '  

by using that au + k • u ~ W~.P(O, T). 

(iii) Let 2 > 0. We have fo r fELP(0 ,  T) and u ED(Fp): 

(I + 2F,)u -- f ~ B,u + 2u = B,f 

~,u + 2-Ib • u = 2-1b * f ~u = r(2-tb) , f. 

(iii) For every 2 > 0, 
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This completes the proof of Lemma 3.2. 

REMARK 3.3. Note that if the kernel b of Theorem 3.1 satisfies (iii) then it 
also satisfies (iii) with LP(0, T) replaced by LP(0, T; X). 

P x o o r  o r  THF.OR~M 3.1. (i)=*(ii). Let b ~L~(0, T) satisfy (i). For 2 > 0, 
set va -- 2 -  ~r(Ab). Then va satisfies 

va + Ab . v~ = b 

By using (2.1) we obtain 

which implies that 
Consequently 

on [0, T]. 

II v~ II, ~ II b I1,(1 + A II v~ II,) 

H v~ II, is bounded as a function of~ for 2 ~(0,  ½ II b I1~-']. 

lim II v~ - b II, = 0, 
240 

and b is nonnegative since va =;t-~r(2b) is nonnegative. Since b is not 
identically zero on [0, T], S r b(s)ds > O. 

As in [8], p. 519 we obtain the first estimate 

(3.3) sup As(Ab)(e < 2T b(7 
2>0 

Indeed define for 2 > 0, 

and 

[ (2b 
g(2b)(t) = t s 

)(t ), 

(0, 

tE[0 ,  T], 

t E(T,  + oo), 

~ ( t ) = l b ( t ) ,  tE[O, T], 

[0, t ~ (T ,  + ~) .  

Ifza(t) -- g(2b)(t) + (;tb • s(25))(t) for t > 0 and 2 > 0, then it is easily verified 
that z~(t) = 1 for tE[0 ,  T], za(t) = 0 for t > 2T. 

For t E (T, 2T), using the fact that g(2b)(.) is nonnegative, one gets 

f o  r f o  r (g(2b) + M;)(t) -- g(Ab)(t - ?)2[J(?)d? < g(2b)(t - 7)2b(7)d7 < 1. 
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Thus za(t)~[0, 1], for tE[T, 2T] and 2 > 0 ,  hence from the convolution 
theorem we obtain 

f o~ g(2b )(, )dT ( l + f o~ 2' (, )dT) = f Z z~ ()' )d? 

and 

O, f ors('~b )(7)dT) ( f orb(7)dT) <= 2T 

which implies (3.3). 
Next we define 

(3.4) va(t) = ft r 2s(2b)(~,)d~,, 

Since 2s(Ab)(. ) is nonnegative, 

and from (3.3) 

t~ [0 ,  T]. 

~0 T Var[v~; [0, TI] = 2s(2b)(7)d~,. 

Sup Var[v~; [0, T]] < + ~ .  
~>0 

Note that v~(T) = 0, hence v~ are uniformly bounded on [0, T]. Hence, from 
Helly's theorem, there is v : [0, T] ~ R, nonincreasing, and convex satisfying 

Var[v" [0, TI] < 2T b(7 

and there exists a sequence 4 .  t ~ a s  n ---  oo such that 

f o  r f o  r lira g(t)dv~,(t) = g(t)dv(t) 
t l  ~ O0 

holds for every g ~ C[0, T]. 
Next, for every u ~ C[0, T], one has 

(3.5) s ( 2 . b ) * u  + 2 . b * s ( 2 . b ) * u =  1 *u.  

From (3.4), we have ~.(t) = - 2,s(2.b)(t) and (3.5) becomes 
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(3.6) 

f0' = -  t e [ O ,  r l .  

By taking the limit as n ~ oc, we obtain 

(3.7) fot(U *b)(t - 7)dr(7)-- - fo'U(y)a.i, 

2~-' f o  u ( t -  "l)dva.(X)+ fo'(U *b ) ( t -  ?)dva.(~,) 

tE [0 ,  T]. 

From (3.7), we infer that if b • u = 0 on [0, T], then So u(y)d~, = 0 on [0, T] 
hence u -- 0 on [0, T]. 

We claim that S~ b(;,)d7 > 0 for tE(0 ,  T]. 
Otherwise, there exists toe  (0, T] such that 

f o ° b(~, )dx = O. 

and since b(-)  is nonnegative, b(t) = 0 a.e. on [0, to]. But then we can choose 
e E(0,  to) such that b(t) = 0 on [0, e] and u E C[0, T] satisfying 

u(t )  ---- 0 

u(t) > 0 

f o r t E [ 0 ,  T -  ½e] 

for t ~ ( T  - ½e, T]. 

Then ( b . u ) = O  for t E[0,  T] while u ÷ 0  contradicting (3.7). Thus 
I~ b(~,)dy > 0 for t E(O, T]. 

Since s(Ab)(t) is nonnegative, and nonincreasing, we obtain 

(f0 (3.8) 2s(~b)(t) _-< ' b(~) for t > 0. 

This implies that, for every e E (0, T), vE Lip(e, T) and afortiori vE AC[e, T]. 
Define 

~0, t = 0, 
e(t) I [ 1, tE(O, T], 

and 

h(t) := v(t) + (v(0) - v(0 +))e(t). 

Then h ( . )  is continuous, nonincreasing and convex on [0, T]. Moreover 

h(t) = - h'(y)d~, t E (0, TI. 
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We obtain that h EAC[0, T]. Therefore v(t) = - ae(t) + h(t), with a _-__ 0, 
h EAC[0, T] nonincreasing and convex. By using (3.7) we obtain 

(3.9) - a(u .b)(t) + (u , b  .h')(t) = - (1 ,u)(t). 

If  we denote - h '  by k E L t(0, T), then k(.  ) is nonnegative and nonincreasing, 
and 

(ab*u) ( t )+( (k*b )*uXt )=(1  *uXt) on[0,  T] 

for every u E C(0, T). 
It follows that 

ab + k * b = 1 on (0, T]. 

This completes the proof of the implication ( i ) ~  (ii). 

For the implication (ii)=* (i) see [8]. 

Next we prove (ii)=*(iii). By using (ii) and Lemma (3.2)(ii), we have that 
Bp is injeetive with inverse Fp and I + 2F o is a bijection from D(Fp) onto 
L°(O, T) with 

( l + 2 F p ) - l u = r ( 2 - 1 b ) , u  foreveryuE:.L°(O,T) and 2 > 0 .  

By (i) we know that r(2 - tb)  >_- 0 and from (2.6) and s(2-~b) >_- 0 it follows that 

fl r(X-tb)II, =< 1. 

By using (2.1), we obtain 

It (I + 2Fr ) - tu  lip < [[ u rio 

and (I + 2Fp)- 'u  ->_ 0 whenever u >_- 0 a.e. on [0, T]. 

Finally we prove (iii)=*(i). If b satisfies (iii), then for each fELl(O, T), 
f->_ 0 a.e. on [0, T], the equation 

u + 2 F t u  = f ,  2 > 0 ,  

possesses a unique solution u ~D(F~), satisfying 

u~ > 0 on [0, T] (3.10) 

and 

II II, II f Hr. 

Then u~ is also the solution to 
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or equivalently to 

that is ua = r(A-~b) . f .  

BIua + ;tua = BI f 

ua + 2 - 1 b  *u  = /~ - lb  * f ,  

Then (3.10) implies r(2-~b)(.)  >= 0 on [0, T] and II II1 1. Hence 

s ( 2 - ' b ) ( t )  = 1 - r(2-'b)(~,)d~, ~ 0. 

This completes the proof  of  Theorem 3.1. 

REMARK 3.4. (i) Given b completely positive on [0, TI, then a and k( . )  of  
Theorem 3.1(ii) are uniquely defined. We first consider the case where 
bEL®(O,  T). We have b~-L~(O, T)  i f fa  > 0. 

I f  b EL®(O, T)  then 
lim (k  • b)( t)  = 0 

and thus 
lim ab( t )  = 1, 
tl0 

hence a > 0. 
I f  a > 0 ,  then b = a - l s ( 2 - ~ k ) E A C [ O ,  T]. we deduce, by differentiating 

(3.1), 

(3.11) b(O)k + b'  . k  = - ab '  

hence a = b(0)-  t and 

k = - ar(ab'); 

thus if b EL°~(0, T), a and k(-)  are uniquely defined. 
If  b ~L~(0 ,  T) then there is kELP(O,  T),  nonnegative and nonincreasing 

such tht k , b  = 1. The homogeneous equation b . u  = 0 with bELt (0 ,  T) 
possesses only the trivial solution u = 0, since b • u = 0 implies k • b • u = 0, 
hence 1 • u -- 0. Thus k is uniquely defined. 

(ii) Note that if , > 0 ,  then b EAC[0, T], hence r(2b)EAC[0,  T], and 
s(2b)E W~.~(0, 1) for every 2 > 0. 

REMARK 3.5. We recall that if b ~L~(0, T) is positive nonincreasing and 
log b is (in particular if b is completely monotonic),  then b is completely 

positive. 
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(iii) It follows from Theorem 3.1 that 

o r F2u(s)u(s)ds ~ 0 

hence 

for every u ED(F2) 

f o  r B2u(s)u(s)ds > 0 for every u EL2(O, T). 

In particular, if b is completely positive on [0, T] for every T > 0, then b is of  
positive type (see [20]). 

Finally, we observe that b(t) -- exp( - t 2) is positive and of positive type but 
not completely positive. 

Indeed if b EAC[0, T] and b(0) # 0, then ab + k *b = 1 w i t h ,  -1 = b(0) 
and k = - ar(otb'). 

Then i fb( t )  = exp( - F), b'(0) = 0 and k(0) = 0. 
Thus k cannot be positive and decreasing. 

REMARK 3.6. If  b is completely positive (b ~ 0) on [0, T], then for every 
;t > 0 and every t E(0, T] we have s(A-~b) < 1. 

Otherwise, since s (2- lb) ( .  ) is nonincreasing for every 2 > 0, there would be 
a toG(0, T] such that s(2-~b)(t) = 1 for t E(0, to], hence r(2b)(t) = 0 on [0, to] 
and b( t )=  0 on [0, to], but this would imply 0 < b ( t ) <  b(O)= 0 for every 
t E [0, T], a contradiction. 

Finally we prove the following: 

PROPOSITION 3.7. Let b be completely positive on [0, T] and let F~ be the 
operator defined in Theorem 3.1 ( p = 1), with L ~(0, T) replaced by L 1(0, T; X). 

Then - F~ is the infinitesimal generator o f  a Co-contraction semigroup o f  
type o90 = -- oo. 

PROOF. By Lemma 3.2, D(F0  3 W~'~(0, T, X) and D(F0  is dense in 
L ~(0, T; X). 

Since Fl is m-accretive in L~(0, T; X) it follows that - Fi is the infinitesimal 
generator of  a C°-contraction semigroup in L ~(0, T; X). 

Concerning the type we first consider the ease when X = R and the complex- 
ification of  F~ in C. 

For every 2 E C, the equation 

(3.12) 2u + Flu = f  

where u, fEL~(0 ,  T, C) is equivalent to 
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(3.13) u +/1b*u • b . u ,  

by noting that b is real valued and using Lemma 3.2. 
But it is well known that for everyfE Lt(0, T; C), (3.13) possesses a unique 

solution u ELI(0, T; C). 
Therefore the resolvent set of F~ is empty. 
Since the solution of(3.12) for fELt(0 ,  T; R),f>ffi 0 and/1 ER  - 0 is given 

by 
u ffi/l - Ir(2b) • b 

and 
u ~ - b . f  for/1 =0 .  

and is nonnegative, - F~ generates a positive C°-semigroup on L~(0, T). 
Then it follows from [2, Cor. 1.3, p. 294] that the type of - F~ is - oo. 
Next we consider the ease where Xis a real Banach space. We shall denote by 

Fz (respectively Sr) the operator defined in Theorem 3.1 (respectively the 
C°-semigroup generated by - F~). 

We shall denote by F the operator F~ when X ffi R, and by S( .)  the 
C°-semigroup generated by - F in L~(0, T). 

From the exponential formula we have 

(3.14) 

and 

(3.15) 

Sr,(t)u = lim (I + tn-~r~)-nu, uEL~(O,T;X) and t_>-0 

Sr(t)vffi lim (I + tn-~F)-nv, v ~ L  Z(O, T) and t >_- 0. 

For u EL~(0, T, X) and t > 0 (n EN), we have, by using Lemma 3.2 and the 
fact that r(2) :ffi r(/1b) is nonnegative, 

II (I + t n - T J - n u  IIL'~o.rm ~ 

(3.16) 

___< 

U r(nt-1) , . . . ,  r ( n t - l ) ,  u UL'(o.r..r) 

U r(nt-i) * ' "  " * r ( n t - l )  * II u(.)II IIL'c0,~ 

H (I + tn-qD -n U u(.)II IIL'{0.~. 

Notethat ifu ELI(0, T; X) and l[ u NL,(o,r,x)_-- < I, then [I u(.)l[ ELI( 0, T)and 

II II u(.)~ llL,~o.~- < I. 
By taking the limit as n --* oo in (3.16) we obtain 

U Sr,(t)u UL'(0.r~ < II S(t) II u(.) II ~,'co,~, t ->_ 0 
hence 
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(3.17) II Sr,(t)IIL'¢0.r~-< U s ( t )  II L,~0.~, t >__ o. 

(It is easily verified that equality holds in (3.17).) 
Then 

too = lim _1 log II Sr,(t) II = lim _1 log II S t ( t )  II = - 
t -® t t -® t 

This completes the proof of Proposition 3.6. 

4. Ex i s tence  and regularity results 

In this section we recall some existence and regularity results for equation 
(1.1) obtained by Gripenberg (see [ 14]) when b is completely positive. 

Let u0~Xand  g ~Lt(O, T; X). By using Theorem 3.1 we can rewrite (2.7) in 
the following way: 

(4.1) 
(au + k • u)' + A~u = k(t)Uo + g(t), 

u(O) = uo. 

Indeed if u EL~(0, T; X) satisfies (2.7) then we have 

au + ab *Aau = auo+ ab *g 
and 

k , u  + k , b , A a u  - - k  *uo + k , b * g  

where a and k(. ) are defined in Theorem 3.1. 
By adding we obtain 

(4.2) 

hence 

(4.3) ~u + k • u E Wo~,~(0, T; X) 

and u satisfies (4.1) .  

Conversely if 
au = k * u ~- W~'I(0, T, X) 

and satisfies (4.1), we have 

b*(au  + k , u ) '  + b*Aau - - b * u o +  b * g ,  
and since 

au + k *u + 1 *A~u = a U o + ( k  * l)uo+ 1 *g, 
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we have 

u = ( i  *u) '=(ab + k * b ) * u  

=(au + k * u ) * b  

= au(O)b + b *(au + k * u)' 

u + b *Aau = (ab + k *b)uo+ b *g = Uo+ b *g. 

Hence u satisfies (2.7). 
It has been proved by Gripenberg (see [14]) that if a >= O, kELP(O, T) is 

positive and nonincreasing and uo E D(A), then ua (the unique solution to (2.7)) 
converges to some u EL~(0, T; X) as 2 goes to zero. 

We shall call u the generalized solution of  (I. 1). Note that if u E L ~(0, T; X) 
satisfies (2.7), then u is the generalized solution of  (2.7). 

Moreover, if X is reflexive there exists w E L  ~(0, T; X) such that 

(4.4) u + b • w = u0 + b • g a.e. on [0, T] 

and u(t)ED(A) a.e. on [0, T], and w(t)EAu(t) a.e. on [0, T]. Hence it follows 
that au + k * u E W~'~(O, T, X) and u satisfies 

(au + k • u)' + w = k(t)Uo + g(t) a.e. on [0, T], 
(4 .5)  

u (0 )  --- u0. 

We recall also that i f X i s  reflexive, a > 0, b 'EBV(0,  T) and g EBV(0, T; X), 
then wEL®(O, T; X) and u E W~.~(0, T; X). 

Moreover the following estimates hold for generalized solutions (see [5]): 

(4 .6)  II u , ( t )  - u 2 ( t )  II II U0,1 - -  U0,2 II + b • II g,  - II (t) ,  t >--_ 0 

where u,. (i = 1, 2) is the generalized solution of  (1.1) with u0 = uo.; (i = 1, 2). 
Finally we prove a result concerning an approximation procedure of  equa- 

tion (2.7) which will be used later on. 
Let b be completely positive on [0, T] with b ~L®(0, T). Then it follows 

from Theorem 3.1 that there exists a unique k EL~(0, T) positive decreasing 

such that 
k • b = 1 a.e. on [0, T]. 

For every e > 0, define b, EAC[0, T] to be the unique solution to 

eu + k • u -- 1 a.e. on [0, T]; 

then b, is completely positive by Theorem 3.1. 



Vol. 64, 1988 VOLTERRA EQUATIONS 15 

PROPOSITION 4.1. Let A be a linear m-accretive operator in X and let be 

be defined by (4.6). Let 2 > O, u o ~ X  and g~Ll (O,  T, X). Then i f  u~ is the 
solution to 

(4.7) u~ + be .Axue = Uo + b . g  a.e. on [0, T] 

we have 

(4.8) lim l[ ue - u II, = 0 
e ~ 0  

where ue is the solution to (2.7). 

PROOF. Set ve = ue - u0, then ve satisfies 

(4.9) ve + be *A~ve = be * f 

where f :  = g - Aauo, which is equivalent to 

(eve + k * ve)' + Aave = f ,  
(4.10) 

re(O) = o ,  

with eve + k * ve E W~'~(O, T; X) (e > 0). 
We define the following operators in L ~(0, T; X): 

D(L) :=  Wo~,~(O, T; X), 

Lu :-- u '  for u E D ( L )  

D(1-) :=  {u EL ' (0 ,  T; X) : k • u U WdJ(0, T, X)} 

Fu :=  (k • u)' for u ~D(V). 
Moreover define 

D(L~) :=  D(L ) n D(I-') 
and 

L ~ : = e L  + F ,  t > 0 .  

Note that D(L) C D(F), hence D(Le) = W~"(O, T; X)  for every e > 0. From 
Theorem 3.1 we know that L, and F are densely defined and m-accretive in 
L'(0,  T; X). Let SL,(.) (respectively S,z(.), Sr(')) be the C0-contraction semi- 
group generated by L. (respectively by eL and F), then since 

LFu  = FLu for u E D ( L  ~) 
we have 

and 
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(4.11) Sz,(O)=S.,(O)Sr(O)=Sr(O)S.,(O) for 0 > 0 

Set 

(Mu)(t) :-- Aau(t) for every u EL~(O, T; X) and 

and e > 0 .  

2 > 0, a.e. on [0, T]. 

Clearly M is a bounded m-accretive linear operator in L ~(0, T, X). More- 
over if SM(.) denotes the C°-contraction semigroup generated by M,  one 
verifies that 

S~(O)SI..(O) = Sz.(O)SM(O) for every 0 >_-- O, 8 > O. 

Now, for every z EL~(0, T; X) and 0 >_- 0 we have 

II s ~ + ~ ( O ) z  - S r + . ( O ) z  II, ~ U S~.(O)z - S r ( O ) z  II, 

II s . , ( O ) z  - z II, ~ II s , ( e O ) z  - z II,- 

Then it follows that S,.+M(" )z converges as e ~ 0 uniformly to Sr+M(')Z for 
every z ~L ' (0 ,  T; X) on bounded 0-intervals. 

Next we show that the type of  Sz~+M(') and SL+M(') is -- ~ .  Since 

II &.+M(.)II  =< II St+M(.)II =< II Sr( ' ) I I ,  

it is sufficient to know that the type of  St(" ) is - ~ .  
But this follows from Proposition 3.7. 
Then given co E R there exists M > 1 such that 

a n d  

II S., +r+M(t)II ~ Me('°-I)' 

U S r + u ( t )  II ~ Me(°'-')' 

for t >=0 

for t >=0. 

By using the Trot ter-Neveu theorem we obtain that 

l im II (o91 + L~ + M)  - I f _  ( o 2 / +  L + M )  - ' f  II, = 0 
e ~ 0  

where f is defined in (4.9), hence 

lim [[ u~ - u ][, -- 0 ffi l i m  l[ v~ - v [[,. 
• ~ 0  e~O 

This completes the proof  of  Proposition 4.1. 
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5. Invariance and monotonicity properties of solutions 

In this section we shall extend some results obtained in [7] concerning 
qualitative properties of  solutions to (1.1). 

PROPOSITION 5.1. Let A be linear m-accretive in X, b completely positive on 
[0, T], uoED(A), and g ~ L  ~(O, T; X). 

Let Kt be a closed convex subset of  X and Ks be a closed convex cone of X. I f  
(i) Ja(Ki) C_ K~, i = 1, 2for every 2 > O, 

(ii) uo~Kt and g(t)EK2 a.e. on [0, T]. 
Then the generalized solution to (1.1) satisfies 

u(t)~Kt + K2 a.e. on [0, T]. 

REMARK 5.2. We observe that if in Proposition 5.1 Ki = P, i = 1, 2 (where 
P is a closed convex cone of  X) the solution to (1.1) satisfies u(t)~ P a.e. on 
[0, T] provided that Xo, g ( t )6P  a.e. on [0, T]. Moreover it was proved in [7] 
that i fh ( t )  = b( t )x + ( b , g)( t ) with x E D(A ) n P, g( t ) 6 P a.e. on [0, T] then 
the solution to u + b ,AuBh  belongs to P a.e. on [0, T]. The same is true if 
h E WU(0, T; X), h(O)ED(A) n P a n d  h'(t)~Pa.e,  on [0, T]. 

PROOF. It follows from the definition of  the generalized solution that in 
order to prove the theorem it is sufficient to restrict our attention to the case in 
which A is replaced by Aa. 

Using (4.6) and the fact that e v e r y f E  L 1(0, T; X) withf( t )  E K2 a.e. on [0, T] 
can be approximated in L~(0, T; X) by a sequence of  continuous functions f~ 
such that for every n EN,  f~(t)~K2 for t E[0,  T], it follows that we can prove 
the statement with g ~ C(0, T; X). Then u~ (the solution to (2.7)) is the limit in 
C(0, T; X) of a sequence (u] "~) defined by 

(5.1) 
U~ 0) = U0, 

uJ n+') -- r(2-~b) *Jau ~n) + s(2-'b)uo + 2r(2-1b) , g .  

Note that r(2-tb) ,  s (2 - ' b )  are nonnegative on [0, T] and 1 . r ( 2 - ' b ) +  
s ( 2 - ' b )  = 1. It follows that if K c_ X is a closed convex set, x E K  and 
fELl(O, T; X )wi th f ( t )~Ka .e .  on [0, T] then 

s(2-tb)x + r(A- 'b)  . f E K  on [0, T]. 

Indeed by using Remark 3.6 for t E (0, T] we have 
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Since 

s (2 - ' b )x  + r(2- 'b)  , f 

[ ,  
-- sO.- lb)x  + (1 - s(2t-'b)) "1 , r ( 2 - ' b )  

the result follows. 

r(A- 'b)  * f ) ] .  

1 , r (2- tb)  
( r (2- 'b )  . f ) ~ K  

Now we proceed by induction on n. Clearly u) °) ~K~ + K2 on [0, T]. 
We assume uJ")(t) --- vJ")(t) + v~")(t) with vJ")(t)EK, and v~")(t)~K2 a.e. on 

[o, T]. 
We have 

u]. + , , ( t )  = vl.+,,(t) + 
with 

and 
v 1" + ')(t) = (r(2 - 'b) * J]")v }"))(t) + s(2 - Ib)(t)uo 

v~" + ')(t) = (r(2 - 'b)  • J~")v~"))(t) + 2r(2 -lb)(t)  • g(t). 

Then clearly vl"+')(t)~K, and v~"+')(t)EK2 a.e. on [0, T]. 
This completes the proof of  Proposition 3.1. 
We shall now consider the monotonicity of generalized solutions of(1.1) in a 

Banach space with a closed convex cone. 
Let (X, P) be a real Banach space and P c X a closed convex cone of X. We 

say that for x, y E X 
x <y*~,y  - x E P .  

A function h ~ L 1(0, T; X) will be called decreasing if for s, t E [0, T] - I (here 
I is a set of  measure zero) we have 

O < s <= t ~ h(t) <= h(s). 

We have the following 

Tn~Olt~M 5.3. Let (X, P) be as above and let A be a linear m-accretive 

operator on the Banach space X. 
Let us assume that 

(i) b is completely positive on [0, T]. 
(ii) For every 2 > O, Ja(P) c P. 

(iii) g E L ~(0, T; X) is decreasing. 
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(iv) uoED(A)  ancl Auo >= g(t)  a.e.  on [0, T]. 
Then the generalized solution to (1.1) is decreasing on [0, T]. 

PROOF. Let ho~ (0, T). 

Let us define for 0 < h < ho 

if; gh(t) = -h g(t  + s)ds for t ~ [0, T - ho]; 

then g~ ~ W~'~(0, T - ho; X) and Auo > g~(t) for t E [0, T - ho]. 

Moreover  
1 

g~(t) = -h (g(t + h) - g ( t ) ) ~ P  a.e. on [0, r - h0], 

and 

lim II g h  - -  g IIL't0,r;~ = 0. 
h~0 

I f  b ~L°~(0, T) then we replace b by b, for e > 0, defined in (4.6). Hence  we 

may assume that b ~ AC[0, T]. Next,  for 2 > 0 we call u the unique solution to 

(5.2) u + b ,A~u = Uo + b *Jzgh 

on [0, T - ho]. 
Note  that u E WI,~(0, T - ho, X). 

Set v(t)  = u(t)  - Uo for t E [0, T - ho]; then v satisfies 

(5.3) v + b , A~v = b • ( J~gh - A~uo). 

Next  we differentiate (5.3) and obtain 

(5.4) v'(t)  + (b ,A~v ' ) ( t )  = b(t)[J~gh(O) --Axuo] + (b *J~g'h)(t). 

Since Jxgh(O)--Axuo=J~(gh(O)--Auo)E--P and g ' h ( t ) E - - P  a.e op 
[0, T - ho], it follows that (see Remark  5.2) v ' ( t ) ~  - P, i.e. v E  C(0, T - ho, X)  

is decreasing. 
Hence  u is decreasing on [0, T - ho]. 

Next  we take the limit as h ~ 0 in (5.2). We denote  by Uh the solution of(5.2)  

and by wx the solution o f  

(5.5) z + b ,A~z  = Uo + b ,J~g.  

By using Theorem 1 o f  [5] we have 

(5.6) II us(t) - w~(t) II --< (b • II J~(g~ - g )  II )(t) < (b • II gn - g II )(t)  
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on [0, T - h0]. 
h ~ 0  h ~ 0  

Since b EAC(0, T) and g h ~ g  in L~(0, T - h o ; X )  we have u h ~ w ~  in 
C(0, T - h0; X). 

Then w~ is decreasing on [0, T - h0]. Since h0 is arbitrary on (0, T), w(. ) is 
decreasing on [0, T]. 

In the case where b ~ L~(0, T), the result follows by taking the limit as e ~ 0 
and using Proposition 3.6. 

Finally, since JAg-* g in L~(0, T; X) an application of (4.6) gives 

lim II - u II - -  0 a.e. on [0, T]. 
~ 0  

Hence the solution of  (1.1) is decreasing on [0, T]. 

REMARK 5.4. I f  in Theorem 5.3, u0 ~ D(A) and A~uo > g(t)  a.e. on [0, T] 
for every A > 0, then the same conclusion holds. 

In what follows we shall apply the results obtained above to the study of  the 

equation 

(5.6) u + b *Au ffi Uo + b * f ( u )  

where b is completely positive on [0, T] for every T > 0, A is linear m- 
accretive in Xwith  Ja(P) c P for every A > 0, uoED(A),  and f :  X ~ Xsatisfies 

(5.7) IIf(x)-f(y)ll < g l l x - y  II foreveryx, 

and some M >_- 0. 
First we extend the notion of  generalized solution for equation (5.6). As in 

Crandall-Nohel [9] and Gripenberg [ 13] the iteration scheme 

u (°) -- - arbitrary element of  L~(0, T; X), 

u (n+l) + b *Au (~+1) = Uo + b *f(u(~)), 

where u (" + ') is the generalized solution to the linear problem, converges in 
La~ (0, + oo; X) to some u which we shall call the generalized solution of(5.6). 
It is also proved there that u is the L l-limit of  u~, where ua satisfies 

(5.8) u~ + b .a~u~ ffi Uo + b * f(ua). 

As an application of  the previous results we have the following 

THEOREM 5.5. Let A,  Ja and b be as in Theorem 5.3. Assume moreover that 
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(i) b is bounded, 
(ii) there exists to > 0 such that f +  col is increasing in the sense o f  order, 

(iii) there exist Uo, voED(A) satisfying 

Uo <- Vo, Auo ~ f(uo), A Vo >-_ f(vo), 

Then the generalized solution o f  

u + b . A u  = Uo + b . f ( u )  a.e. on R 
(5.9) 

(respectively v+ b . A v =  vo + b . f(v)) 

is increasing (respectively decreasing), and 

(5.10) Uo <-_u(t)<v(t)<Vo a.e. o n R  +. 

Moreover,for every woED(A ) such that uo <-- Wo < v0, the corresponding genera- 
lized solution w satisfies u(t) <-_ w(t) < v(t), a.e. on R +. 

PRooF. We prove that u is increasing (the proof of the decreasingness of v 
is similar) and u(t) <-_ Vo. 

By considering the scheme 

U (n+l) "Jr- b , (Au °'+~) + (.OU (n+l)) = ~ + b * ( f (u  t")) + tout")), 
(5.11) 

U (0) ~ U0, 

it is sufficient to prove that u c" + ' ( .  ) is increasing and u~" + ~)(t) _< Vo a.e on R +, 

when u <") is increasing and u ~") ___< Vo. 
For every T > 0 clearly u0 satisfies the claim; it fol lows that u <"+o is 

increasing. 
Indeed (5.11) be rewritten in the form 

(5.12) z ¢"+1) + b ,[A + m]z ~"+1) = Zo + b ,ge.) 

with Zo = - Uo, z c" + i) __ _ u~, + , ,  and #")(. ) -- - (om~")(.) + f(u~")(.))), and by 
Theorem 5.3 u~"+')(.) is increasing and u~"+~)(t)< Vo a.e. on R +, noting that 

Auo <-_ f(Uo) + WUo <-_ f(u,(t)) + oJu,(t) a.e. An easy application o f  (4.6) gives 
the increasingness o f  u. 

To prove (5.10) we set 
W n +  i ~ V ( n + l ) ~  U(n+l) 

where v ~" + '  is the generalized solution to 

v ~+° + b , ( A v  ~"+~ + toy ~+1~) = vo + b , ( f ( v  ~ )  + toy ~ )  
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and u (n + ~) satisfies (5.1 1). 
One sees that wn +~ satisfies 

zn+l + b *(Azn+l + 09z~+1) = Vo - Uo 
(5.13) 

+ b * [(091 + f ) (v  t~)) _ (o91 + f)(ut~))] 

and then z~+~ ~ P ,  because  vo - uoEP and 

(o91 + f ) (v  (~)) -- (o91 + f)(u(n))EP 

by induction. 
Passing to the limit as n ~ oo in 

Uo < u(~)(t) < v (~)(t) < Vo a.e. on  R + 

one obtains (5.10). The last assertion of  the Theorem is proven in a similar 
way. 

As a consequence of  the above result we have 

THEOgEM 5.6. I f  in addition to the hypothesis o f  Theorem 5.5 we assume 

that 
(i) X is a complete Banach lattice with order continuous norm, 

(ii) b ~ L ~ ( 0 ,  ~) ,  
then 

s-lim u ( t )  = u~ ,  s-lira ~(t) --  v~ 
t ~ ¢ O  l ~ C O  

where u~ and v~ are respectively the minimal and the maximal  solution o f  the 

problem Ax  -- f (x )  in the order interval [uo, v0]. 

PROOF. The existence of  s-lim u(t) (respectively s-lim v(t)) is a direct 
consequence of  the increasingness (respectively decreasingness) of  u (respecti- 

vely v), (5.10) and hypothesis (i). 
To prove that u® is the minimal  solution o f A x  = f (x )  in the order interval 

[Uo, I)0] we proceed as follows. 
Let 09 > 0 and set g( t ) :=  f (u ( t ) )+  cou(t) a.e. on R. Then equation (5.9) 

assumes the form 

(5.14) u + b , ( A  + 0 9 1 ) u - - u o + b , g  

by  observing that gEL®(0,  + co; X) and that there exists s-limt_~ g(t) ~-g®. 
An application of  Theorem 3.3 1 of [8] gives 
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(5.15) Au~ = f(u~) .  

To conclude the proof one has only to observe that if  x is any solution of  
A x  = f ( x )  in the ordered interval [u0, v0], then u0 < u( t )  _-< x a.e.  o n  R + and 
then u0 _-< u~ < x. The proof that vo~ is the maximal solution to A x  = f ( x )  in 

[u0, v0] is similar. 

REMARK 5.7. (i) If b ~Lt(0,  + 0o) and u~ = v®, then the solution to 

z + b . A z  = Zo + b , f ( z )  

with Uo < Zo < Vo and Auo < f(Uo), A Vo > f(vo), converges strongly as n ~ oo to 
the unique solution o f A x  = f ( x )  in the order interval [Uo, Vo]. 

(ii) I f  (i) of  Theorem 5.6 is replaced by 

(i)' b~L~(O,  + oo), 

then s-lim u(t)  = u~ (respectively s-lim v( t )  = v~) satisfies Au~ < f(uoo) 

(respectively A v~ >_- f(v~). 
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