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ABSTRACT

In this paper we consider an abstract Volterra integral equation in an ordered
Banach space. We establish some monotonicity properties of solutions and
apply these results to their asymptotic behaviour. This is done by using the
method of upper and lower solutions.

1. Introduction

The purpose of this paper is to study some qualitative properties of solutions
of the abstract integral equation

1) u@)+ fo "b(¢ — $)Au(s)dsSu, + f ‘bt —s)g(s)ds, 120

in a real Banach space X.

Here A4 is an m-accretive operator, possibly multivalued in X, u, Em, the
closure of the domain of 4, b is a real kernel and g€ L}, (0, + co0; X).

Throughout this paper we shall consider equation (1.1) for a class of kernels
which was introduced in [7] (see H, and H;) and called completely positive in
[8] (see Section 3).

The existence of solutions in a suitable sense was considered in [9], [13] and
more recently in [14].

We shall frequently refer to these papers for the existence theory concerning
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(1.1). The choice of the class of complete positive kernels is not only important
for the development of reasonable existence theory, but is also of great in-
fluence in the consideration of qualitative properties of solutions.

In fact, recent studies on the positivity of solutions of (1.1) when X is an
ordered Banach space (see [3], [8]) or on the asymptotic behavior of solutions
as t goes to infinity (see [4], [5], [6]), [7), [8], [15], [16], [17], [19], [21], [22))
show that the complete positivity of b plays a crucial role in the analysis.

In this paper we shall discuss, under some suitable assumptions, special
properties enjoyed by the solutions to (1.1), namely, invariance with respect to
a closed convex set contained in X, monotonicity (decreasingness or increas-
ingness) and asymptotic behavior as ¢ goes to infinity.

Some results of this paper complement preceding work of Friedman
[10]-{12] about monotonicity of solutions.

The paper is organized as follows: Section 2 contains some notations and
preliminary facts concerning (1.1). In Section 3 we give a new characterization
of the class of complete positive kernels and we correct a gap in the proof of
Theorem 2.2 of [8), p. 520 (2.15) which will be used in an essential way
throughout the rest of the paper. Section 4 is mainly devoted to the proof of a
“singular perturbation” result (see Proposition 4.1) which will be used in
Section 5 and seems to be of interest in itself.

Finally Section 5 contains a general invariance result of solutions to (1.1)
with respect to a closed convex set contained in X and a sufficient condition
(see Theorem 5.3) which insures, in the case when X is an ordered Banach
space, that the solutions of (1.1) are decreasing or increasing in time.

We conclude the paper with an application to the study of the asymptotic
behavior of the solutions to a class of semilinear Volterra equations in an
ordered Banach space extending to the Volterra equations the classical results
of Sattinger (see [23]).

2. Preliminaries

Throughout this paper we shall use the following notations. X is a real
Banach space endowed with the norm || - || . The operator 4: D(4) C X — 2~
is m-accretive (see [9]), and when 4 is linear we shall assume as usual that 4 is
single-valued.

We denote the resolvent and the Yosida approximation of 4 by J, and 4,
that is

Jii=(1444)"", A;:=iA"'(1-J) foreveryi>0.
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Given T > 0 and a Banach space Y, we use the standard notation L'(0, T; Y)
for the space of Bochner integrable (equivalence classes of) Y-valued
functions.

If Y=R, we write L'(0, T) instead of L'(0, T;R). If bELY0, T) and
fELY0, T; Y) we define

(b f)t) = fo ‘bt —s)fis)ds,  t€[0, T].

Let us recall that if f€EL?(0,T;Y) for some p€J[l,+ ], then b=*fE
L0, T;Y)and

2.1 No=fl, =101,
where || b ||, := f7|b(s)|ds and

T I/p
1= ( [T o))" if1sp<e
and
| fllo:=esssup || A1) || if p=oco.
t€[0,7]
For fEL'0, T, Y) and b€ L'(0, T) the equation
2.2) u+bxu=f onf0,T]

possesses a unique solution u in L'(0, T; Y).

In particular if Y = R and f = b (resp. f = 1) we denote the solution to (2.2)
by r(b) (resp. by s(b)).

Then the solution to (2.2) is given by

(2.3) u=f—rb)=/f.

If f=b=g, for some gEL'0,T;Y) then u =r(b) »g, hence the unique
solution of

(2.4) u+bxu=u+b»xg on[0,T)
with uo€Y and g€ L'(0, T; Y) is given by
(2.5) u(t) =s(bXtuo + (r(b) »gXt), t€[0,T].

From (2.2) we also have

(2.6) s(bXt)=1—(1 sr(B))t) = 1 — fo r(b)s)ds
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which implies that s(b)EAC(0, T) and
r(b)(t)= —s(bY(t) ae.on[0,T].
Finally consider the equation
2.7 ut+bxAu=uy+bxg

with bELY0, T), u,€X,gE€ELY0, T; X) and A > 0.
From the definition of 4, and (2.4), it follows that (2.7) is equivalent to

(2.8)  u(@)=(r@A"'b) «(Jiu +Ag))t) + s(A'bXt)u,, tE[O, T].

Using a standard contraction argument in L'(0, T; X) one proves the existence
and uniqueness of a solution ; of (2.7) in LY(0, T; X).

Moreover
w,=limuf® inL'0,T;X)
where
( u{® = arbitrary element of L'(0, T; X),
2.9)

uf™ = r(A7'b) « (Jufr Y + Ag) + s(A7'b)u,.

Note that if T €(0, T) then the restriction on [0, 7*] of a solution of (2.7) on
[0, T) is the solution of (2.7) on [0, T*].
Finally we shall use the notations (1 = p = o)

WP, T, Y):={ueW'?0,T; Y): u(0)=0)}

and the standard abbreviations BY — bounded variation, AC — absolutely
continuous, C — continuous, and the corresponding functional spaces.

3. Completely positive kernels

In this section we shall consider three equivalent characterizations of a class
of kernels which were introduced in [7].

THEOREM 3.1. Let bELY0, T), for some T > 0. Then the following as-
sertions are equivalent:

(1) s(AbX(-) is nonnegative and nonincreasing on [0, T for every A > 0, and b
is not identically zero.

(ii) There exist a = 0 and k € L'(0, T) nonnegative and nonincreasing such
that



Vol. 64, 1988 VOLTERRA EQUATIONS 5

3.1) ab(t)+ (ksb)t)=1 onl[0, T}
(iii) Let B,: L?(0, T)—L*(0, T), p €[1, + o] be defined by
3.2) Bu:=bxu  forueL’,T).

Then B, is injective and T',:= B! is m-accretive in L*(0,T), for all p€
{1, + ), with nonnegative resolvent J, = (1 + AT ,) ! for every A > 0.

In order to prove Theorem 3.1 we need the following:

LEMMA 3.2. Letb€LY0, T) besuch that there existaER andk €L'(0, T)
satisfying (3.1). Define B, as in (3.2) for p€[1, + «]. Then:

(i) B, is injective.

(i) I',, the inverse of B,, satisfies

DI ,)={u€L’(,T):au +ksucWy»0, T)},
Iu=(au+k»*uy.
(iii) For every A >0,

[+ AL,: D(T,)—~L*(0, T)
is a bijection and
(1 +AT,) 'u=r(A7'b) »u.

ProOF. (i) Assume u €L?(0, T), forsome p €[1, + ov]and b *u = 0. Then
(3.1) implies
leu=abeu+kxbsu=0

on [0, T}, hence u =0 a.e. on [0, T].
(ii) First we proveI',-B, = 1. Let u €L?(0, T), then

absu+krbru=1+ucwliy0,T).

Thus Bu€DI,)andI',-B, =(1 su) = u.
Next we prove B, -I', = I,r,,. Let u € D(T',), then

bx(au +kruy =[(au + k*u) «bY =(1 *uy

by using that au + k xu € W20, T).
(i) Let > 0. We have for f€ L?(0, T) and u €D(T,):

I +AT)u=f=Bu+iu=B,f
SU+A"bru=A""brfeou=r(A"'b)+f.



6 P. CLEMENT AND E. MITIDIERI Isr. J. Math.

This completes the proof of Lemma 3.2.

REMARK 3.3. Note that if the kernel b of Theorem 3.1 satisfies (iii) then it
also satisfies (iii) with L?(0, T') replaced by L?(0, T; X).

PROOF OF THEOREM 3.1. (i)=(ii). Let b ELY(0, T) satisfy (i). For A >0,
set v; = A7 'r(Ab). Then v, satisfies

v,+Ab*y,=b on|0, T].
By using (2.1) we obtain
foh=100a+ivl)

which implies that || v, ||, is bounded as a function of A for A€(0, 4 || & [|;"'].
Consequently
lim 2~ |l =0,

and b is nonnegative since v, =A~'r(4b) is nonnegative. Since b is not
identically zero on [0, T}, [T b(s)ds > 0.
As in [8], p. 519 we obtain the first estimate

(3.3) sup Tls(lb)(y)dy = 2T(J‘Tb(y)dy)_l .
A>04J0 1}
Indeed define for A >0,
s@b)t), t€J[0,T],
§(Ab)(t) =
0, tE(T, + ),

and
b(t), t€[0,T],
b(t)=
0, te(T, + o).
If z,(1) = §(AbX(¢) + (AD *s(Ab))¢) for t = 0 and A > 0, then it is easily verified

that z,(¢) = 1 for t €[0, T}, z,(¢) = 0 for ¢t > 2T.
For t €(T, 2T), using the fact that §(Ab)(-) is nonnegative, one gets

T T
(5(Ab) + AbX(t) = fo S(Ab)(t — y)Ab(y)dy < fo S(AbXt — p)Ab(y)dy = 1.
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Thus z,(¢1)€[O0, 1], for t E[T, 2T] and A >0, hence from the convolution
theorem we obtain

f: S(AD)(y)dy (1 + f: AB(y)dy) = fo N z(y)dy

and

(A fo ' s(/lb)(?)d)’> < J;T b(y)dy> =2T

which implies (3.3).
Next we define

(3.9) mn=jxmmmw, t[0, T,
Since As(Ab)(-) is nonnegative,

Varlu; [0, Tl = [ 2s(a8)0)ab.
and from (3.3)

Sup Varfv;; [0, T]] < + 0.

A>0

Note that v,(T) = 0, hence v, are uniformly bounded on [0, T]. Hence, from
Helly’s theorem, there is v: [0, T]— R, nonincreasing, and convex satisfying

Var[v: [0, T]] = 2T(fofb(?)dy>—1

and there exists a sequence 4, f co as n — oo such that

T T
lim [ gt)du, (1) = f 2(0)dv(t)
0 0

n—w

holds for every g € C[0, T).
Next, for every u € C[0, T], one has

3.5) sS(A,D) *u +2,bxs(A,b)*u=1=u.

From (3.4), we have v} (t) = — 4,5(4,b)(¢) and (3.5) becomes
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» A [ ut - pdn )+ [ @sbXe - dn,0)

- fo ‘udy, €O, T).

By taking the limit as n — oc, we obtain
t t
G.7) L (w *b)t — 7)dv(y) = — f u(y)dy,  tE[0, T).

From (3.7), we infer that if b +u =0 on [0, T}, then {; u(y)dy =0 on [0, T]
hence u =0 on [0, T].

We claim that {; b(7)dy > 0 for t €(0, T].

Otherwise, there exists £, € (0, T'] such that

L ® b(y)dy = 0.

and since b(-) is nonnegative, b(¢) = 0 a.e. on [0, £,]. But then we can choose
e €(0, t,) such that b(¢) =0 on [0, ¢] and u € C[0, T] satisfying

{u(t) =0 fort€[0, T — le]
w(@)>0 fortE(T — e, T).

Then (b*+u)=0 for t€[0,T] while u #0 contradicting (3.7). Thus
§g b(y)dy >0 for t€(0, T}
Since s(Ab)(?) is nonnegative, and nonincreasing, we obtain

-1
(.8) As(bY?) = ( f ' b(y)dy) for t > 0.
0
This implies that, for every e €(0, T), vELip(e, T) and a fortiori vE AC[e, T).
Define
0, =0,
e(t)=

1, t€(,T],

and

h(t) := v(t) + (v(0) — v(0 " ))e(?).

Then A(-) is continuous, nonincreasing and convex on [0, T']. Moreover

T
h(t)= — f W)y,  1€0,T).
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We obtain that # €AC[0, T). Therefore v(t) = — ae(t) + h(t), with =0,
h €AC[0, T) nonincreasing and convex. By using (3.7) we obtain

3.9 —a(uxb)t)+ u=b+h’)(t)=— (1 »u)t).

If we denote — h’ by k €L'(0, T), then k() is nonnegative and nonincreasing,
and

(abxu)(t)+((k*b)2u)Xt)=( *xu)t) onl[0,T]

for every u€C(0, T).
It follows that
ab+k=xb=1 on (0, T].

This completes the proof of the implication (i)=> (ii).
For the implication (ii)= (i) see [8].

Next we prove (ii)=(iii). By using (ii) and Lemma (3.2)(ii), we have that
B, is injective with inverse I', and I + AT, is a bijection from D(I',) onto
L*(0, T) with

U+AT,) 'u=r(A"'b)s«u foreveryu€L?(0,T) and 1>0.
By (i) we know that r(4~'b) = 0 and from (2.6) and s(A~'d) = 0 it follows that
fra~'0) |, = 1.
By using (2.1), we obtain
Na+A0) = ful,
and (I + AT',) "'u = 0 whenever u = 0 a.e. on {0, T).

Finally we prove (iii)=(i). If b satisfies (iii), then for each f€L'(0, T,
fZ0a.e. on [0, T], the equation

u+iAlu={, A>0,
possesses a unique solution ¥ € D(I')), satisfying
(3.10) =20 on[0,T]

and

Hw = § SN

Then u, is also the solution to
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Blu;. +Au1 = Blf
or equivalently to
U+ A7 bxu=21"'bxf,

thatis u, = r(A!b) = f.
Then (3.10) implies 7(A~'5)(-)=Z 0 on [0, T} and || r(A7'd) ||, = 1. Hence

SA-bYE) =1 — fo “FA- b))y 2 0.

This completes the proof of Theorem 3.1.

REMARK 3.4. (i) Given b completely positive on [0, T], then « and k() of
Theorem 3.1(ii) are uniquely defined. We first consider the case where
beL>0,T). Wehave bEL>(0, T) iff a > 0.

If bEL>(0, T) then

1’1}? (kxb)1t)=0

and thus
limab(1)=1,
tio

hence a > 0.
If a>0, then b =a " 's(A7'k)EAC[O, T]. we deduce, by differentiating
(3.1),

3.11) b(O)k + b’ xk=—ab’
hence a = b(0) "' and
= — ar(ab’);

thus if b €L=(0, T), « and k(-) are uniquely defined.

If b & L>(0, T) then there is k €L'(0, T), nonnegative and nonincreasing
such tht k b = 1. The homogeneous equation b*u =0 with bEL'0, T)
possesses only the trivial solution u = 0, since b *u = 0 implies k *b *u =0,
hence 1 *u = 0. Thus k is uniquely defined.

(ii) Note that if >0, then bEACIO, T], hence r(Ab)€AC[0, T], and
s(Abye w>\(0, 1) for every 1 > 0.

REMARK 3.5. We recall that if b€ L'(0, T) is positive nonincreasing and
log b is (in particular if b is completely monotonic), then b is completely
positive.
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(iii) It follows from Theorem 3.1 that

T
f u(s)u(s)ds =0 for every u € D(I',)
0
hence
T
f Byu(s)u(s)ds =0  for every u€L*0, T).
0

In particular, if b is completely positive on [0, T'] for every T > 0, then b is of
positive type (see [20]).

Finally, we observe that b(¢) = exp( — t?) is positive and of positive type but
not completely positive.

Indeed if bEAC[0, T] and b(0) # 0, then ab + k *b =1 with a = = b(0)
and k = —ar(abd’).

Then if b(t) = exp( — %), b’(0) = 0 and k(0) = 0.

Thus k cannot be positive and decreasing.

REMARK 3.6. If b is completely positive (b # 0) on [0, T], then for every
A >0 and every t €(0, T] we have s(A~'b) < 1.

Otherwise, since s(A ~'h)(-) is nonincreasing for every A > 0, there would be
a t,€(0, T such that s(A~'b)(t) = 1 for t €(0, £,], hence r(Ab)(t) = 0 on [0, %]
and b(t) =0 on [0, ¢,], but this would imply 0 =< b(¢) < b(0) =0 for every
t€[0, T}, a contradiction.

Finally we prove the following:

ProposITION 3.7. Let b be completely positive on [0, T and let T', be the
operator defined in Theorem 3.1 (p = 1), with L'(0, T') replaced by L'(0, T; X).

Then —T, is the infinitesimal generator of a C%contraction semigroup of
type wy= — .

ProOF. By Lemma 3.2, D(I',) D W{'(0, T, X) and D(T',) is dense in
LY0, T; X).

Since I'; is m-accretive in L'(0, T; X) it follows that — I, is the infinitesimal
generator of a C%contraction semigroup in L'(0, T’; X).

Concerning the type we first consider the case when X = R and the complex-
ification of I'; in C.

For every A €C, the equation

(3.12) M+Tu=f

where u, f€LY(0, T, C) is equivalent to
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(3.13) u+ibxu="bx»u,

by noting that b is real valued and using Lemma 3.2.

But it is well known that for every f€ L'(0, T; C), (3.13) possesses a unique
solution u€LY0, T; C).

Therefore the resolvent set of I'; is empty.

Since the solution of (3.12) for fEL'(0, T; R), f= 0 and AER — 0 is given
by

u=A""r(Ab) «b
and
u=bsf fori=0.

and is nonnegative, — I', generates a positive C°-semigroup on L'(0, T).
Then it follows from [2, Cor. 1.3, p. 294] that the type of — T, is — oo.
Next we consider the case where X is a real Banach space. We shall denote by

I'; (respectively Sr) the operator defined in Theorem 3.1 (respectively the

CPsemigroup generated by —I').

We shall denote by I' the operator I', when X =R, and by S(-) the

C°semigroup generated by —I"in L'(0, 7).

From the exponential formula we have

(3.14)  Sr(u= El_.n: I+~ 'T)"u, u€L'0,T;X) and t=0
and
(3.15)  S(tyw= }Lrg d+m ', veELY0,T) and t=0.
For u€L!(0, T, X) and ¢t > 0 (n €N), we have, by using Lemma 3.2 and the
fact that r(A) := r(Ab) is nonnegative,

M+~ 'T) "u frern< | r(nt™) s -er(nt™) su ||porn
(3.16) = fr(ne=") s cxr(mt™) s JuCH oon

=N+ D" fuC) ) leon-

Note thatifu €LY0, T; X) and || u || 101y =1, then || u(-)|| €EL'(0, T) and
I Nl lren=1.
By taking the limit as n — oo in (3.16) we obtain

I Sru llvern= 1 SO NuC)l Nrons tz0
hence
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(3.17) ISt leern= SO on, tZ0.
(It is easily verified that equality holds in (3.17).)
Then
.1 .1
w0=‘11_m ;log ISt = }Lrg ;log | Sr@) || = — 0.

This completes the proof of Proposition 3.6.

4. Existence and regularity results

In this section we recall some existence and regularity results for equation
(1.1) obtained by Gripenberg (see [14]) when b is completely positive.

Let u,€ X and g €L'(0, T; X). By using Theorem 3.1 we can rewrite (2.7) in
the following way:

(au + k»u) + Au = k(t)u,+ g(1),
4.1)

u(0) = u,.

Indeed if u €LY(0, T; X) satisfies (2.7) then we have

au +ab*Au =ouy+abxg
and

kxu+ksbxAu=kxuy+kxbsg

where o and k(-) are defined in Theorem 3.1.
By adding we obtain

4.2) au+k*u+1«cAu=cuy+k*Dus+1=g,
hence
4.3) au +k*uc w0, T; X)

and u satisfies (4.1).
Conversely if
au =k*u€ W, T, X)

and satisfies (4.1), we have

br(au+ksuy +bxAu=>bru,+bxg,
and since
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u=0*uy=(b+kxb)*u
=(au +k*u)*b

=au(0)b + b *(au + k »uY
we have
u+bsAu=(b+kxbu,+brxg=u,+bxg.

Hence u satisfies (2.7).

It has been proved by Gripenberg (see [14]) that if =0, kELY0, T) is
positive and nonincreasing and #, € D(A4), then y, (the unique solution to (2.7))
converges to some ¥ €L'(0, T; X) as A goes to zero.

We shall call u the generalized solution of (1.1). Note that if u € L0, T; X)
satisfies (2.7), then u is the generalized solution of (2.7).

Moreover, if X is reflexive there exists w €LY(0, T'; X) such that

(4.4) u+brxw=u+bxg ae.on[0,7]

and u(t)ED(A) a.e. on [0, T}, and w(t) E Au(t) a.e. on [0, T)]. Hence it follows
that au + k *u € W40, T, X) and u satisfies
(au +ksuy+w=k(tu,+g(t) ae.on[0,T]
4.5)
u(0) = u,.
We recall also that if X is reflexive, a > 0, b’€BV(0, T') and g €EBV(0, T; X),
then wE€ L>(0, T; X) and u € W"\(0, T; X).
Moreover the following estimates hold for generalized solutions (see [5]):

4.6) Ju@®)—w()|| = | oy —uo2ll +o* || & —8 (), t=0

where u; (i = 1, 2) is the generalized solution of (1.1) with uy=u,,; (i = 1, 2).
Finally we prove a result concerning an approximation procedure of equa-
tion (2.7) which will be used later on.
Let b be completely positive on [0, '] with b & L*(0, T). Then it follows
from Theorem 3.1 that there exists a unique k € L'(0, T) positive decreasing
such that

kxb=1 a.e.on [0, T].
For every ¢ > 0, define b, € AC[0, T] to be the unique solution to
eut+kxu=1 a.e.on [0, TJ;

then b, is completely positive by Theorem 3.1.
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PROPOSITION 4.1. Let A be a linear m-accretive operator in X and let b,
be defined by (4.6). Let A>0, uy€X and g€L'(0, T, X). Then if u, is the
solution to

4.7) U, + b, Au,=uy+bxg a.e.onl0,T]
we have
(4.8) lim lu, —u |, =0

where u, is the solution to (2.7).
PrOOF. Set v, = u, — u,, then v, satisfies
4.9 v, + b xAu,=b,xf
where .= g — Au,, which is equivalent to
(ev, +k*v,Y + A, = f,
2(0)=0,

(4.10)

with ev, + k *v, € W0, T; X) (e > 0).
We define the following operators in L'(0, T; X):

D(L):= W§'(0, T; X),

Lu:=uw foru&eD(L)
and
D) :={u€L'0, T; X): kxu€W}'(0, T, X)}

Tu:=(k»uy for ueD().
Moreover define
D(L,):=D(L)n D)
and
L,:=¢eL +7T, £>0.

Note that D(L) C D(I'), hence D(L,) = W0, T; X) for every ¢ > 0. From
Theorem 3.1 we know that L, and I" are densely defined and m-accretive in
LY0, T; X). Let S, (-) (respectively S, (-), S{-)) be the C,-contraction semi-
group generated by L, (respectively by ¢L and I'), then since

LTu=TLu foru€D(L?
we have
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(4.11) S, (0) = S..(0)Sr(68) = Sr(0)S..(0) for6=0 and &£>0.
Set
(Mu)(t) := Au(t) foreveryu€L'(0,T; X) and A>0,ae.on[0, T].

Clearly M is a bounded m-accretive linear operator in L'(0, T, X). More-
over if Sy(+) denotes the C°-contraction semigroup generated by M, one
verifies that

S$y(60)S.,(8) =S (0)Sy(0) forevery8=0, ¢>0.
Now, for every z€L'(0, T; X) and 6 = 0 we have
I St+a(0)z = Sroa(0)z ||i = || SL(6)z — Sr(0)z ||,
= | Su(@)z =2z = || Se(eb)z — z ||

Then it follows that S,,. ,(-)z converges as ¢ — 0 uniformly to Sy, ,( )z for
every z€L'(0, T; X) on bounded f-intervals.
Next we show that the type of Sy ,(-) and S; , () is — oo. Since

W SesCH = U Srem() Il = NSNS

it is sufficient to know that the type of Sp(:)is — o0.
But this follows from Proposition 3.7.
Then given w € R there exists M = 1 such that

| Sez+rsal®) | =M@~ forez0
and
(| Sren(®) || =Me“~"  fort=0.
By using the Trotter-Neveu theorem we obtain that

lim | (@l + L, + M)"'f = (@I + L +M)7f |}, =0

where f is defined in (4.9), hence

lim |, —u |, =0=lm |5, —v],.
=0 e—0

This completes the proof of Proposition 4.1.
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5. Invariance and monotonicity properties of solutions

In this section we shall extend some results obtained in [7] concerning
qualitative properties of solutions to (1.1).

PROPOSITION 5.1. Let A be linear m-accretive in X, b completely positive on
[0, T}, u,€ED(A), and gEL'(0, T; X).
Let K, be a closed convex subset of X and K, be a closed convex cone of X. If
() JLK)CK;,i=1,2 forevery A >0,
(ii) u, €K, and g(t)EK, a.e. on [0, T).
Then the generalized solution to (1.1) satisfies

u(t)eK, + K, a.e.on[0, T].

REMARK 5.2. Weobserve that if in Proposition 5.1 K; = P,i = 1, 2 (where
P is a closed convex cone of X) the solution to (1.1) satisfies u(¢)E P a.e. on
[0, T] provided that x,, g(¢)E P a.e. on [0, T]. Moreover it was proved in [7]
that if h(t) = b(t)x + (b *g)(t) with xED(4) N P, g(t)EP a.e. on [0, T] then
the solution to u + b * AuDh belongs to P a.e. on [0, T]. The same is true if
h € W0, T; X), h(0)ED(A) N Pand h'(t)EP a.e. on [0, T).

Proor. It follows from the definition of the generalized solution that in
order to prove the theorem it is sufficient to restrict our attention to the case in
which A is replaced by 4,.

Using (4.6) and the fact that every f€ L!(0, T; X) with f(t)EK, a.e.on [0, T]
can be approximated in L'(0, 7'; X) by a sequence of continuous functions f,
such that for every n €N, f,(t)EK, for t €[0, T, it follows that we can prove
the statement with g € C(0, T'; X). Then u, (the solution to (2.7)) is the limit in
C(0, T; X) of a sequence (u{) defined by

uio) = Up,
(5.1)
Ut =r(A7'0) * Ju™ + s(A~'b)uy + Ar(A'b) # g.

Note that r(A~'b), s(A~'b) are nonnegative on [0, 7] and 1 *r(A~'d)+
s(A7'b)=1. It follows that if KC X is a closed convex set, x€K and
SELYO, T; X) with f(t)EK a.e. on [0, T] then

sA'b)x +r(A"'b)«fEK  on|[0, T).

Indeed by using Remark 3.6 for t €(0, T'] we have
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sAD)x +r(A7'b) x f

=s(A 7 'b)x+(1 - s(A“b))[

_— -1
1:.=r(/1-'b)r('1 b)*f)]'

Since
1

m—)(r(l— byxHEK

the result follows.
Now we proceed by induction on n. Clearly ¥{* €K, + K, on [0, T).
We assume u{(t) = v{"(¢) + v{"(¢) with v{P(t)EK, and v{”(t)EK; a.e. on

[0, T].
We have
uft () = ") + 0§ 00)
with
v{" ) = (r(A7'b) * I v {V)(0) + s(A D) )u,
and

() = (r(A7'D) # JPu)(2) + Ar(AT'b)(t) * g(2).

Then clearly vf**)(t)EK, and v§"*)(t)EK, a.e. on [0, T).
This completes the proof of Proposition 3.1.
We shall now consider the monotonicity of generalized solutions of (1.1)in a
Banach space with a closed convex cone.
Let (X, P) be a real Banach space and P C X a closed convex cone of X. We
say that for x,y€X
XZyey—x€P.

A function A € L'(0, T; X) will be called decreasing if for s, t €[0, T'] — I (here
I is a set of measure zero) we have

0=s=<teh(t)=h(s).
We have the following

THEOREM 5.3. Let (X, P) be as above and let A be a linear m-accretive
operator on the Banach space X.
Let us assume that
(i) b is completely positive on [0, T].
(i1) For every A >0, J,(P)CP.
(iii) g€LY0, T; X) is decreasing.
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(iv) uy€D(A) and Auy = g(t) a.e. on [0, T).
Then the generalized solution to (1.1) is decreasing on [0, T].

PrOOF. Let h,€(0, T).
Let us define for 0 < h < h,

g (1) =% ) "gt+s)ds  for t€[0, T — hl;

then g, E W'(0, T — hy; X) and Auy = g,(t) for t €[0, T — hy).
Moreover
git)= % (gt +h)—g@)EP ae.on(0,T — hy,
and
yfg Il & — & lorn=0.

If b& L>(0, T) then we replace b by b, for ¢ > 0, defined in (4.6). Hence we
may assume that b € AC[0, T'). Next, for A > 0 we call u the unique solution to
(5.2) u+b*xAu=u,+bxJg,

on [0, T - ho].
Note that u € W0, T — hy, X).
Set v(t) = u(t) — u, for t €[0, T — hg]; then v satisfies

(5.3) U+b*AlU=b*(J1gh —Aluo).
Next we differentiate (5.3) and obtain
(5.4) v'(t) + (b * A,v") (1) = b([ T3 84(0) — Aol + (b *J,£0)(2).

Since J;2x(0) — A;uy = J,(g,(0) — Aul)€—P and gi(t{)E—P ae on
[0, T — hy), it follows that (see Remark 5.2) v/(¢)€ — P, i.e. vEC(0, T — hy, X)
is decreasing.

Hence u is decreasing on [0, T — hy).

Next we take the limit as # — 0 in (5.2). We denote by u, the solution of (5.2)
and by w;, the solution of

(5.5) z+bxAd,z=u,+bxJ,g.
By using Theorem 1 of [5] we have

(5.6 Nu@=w@[ =G* &= IO)=b* g —g X))
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on [0, T — hy).

Since bEAC(0, T) and g, in L'(0, T — hy; X) we have u,—w, in
C, T — hy, X).

Then w;, is decreasing on [0, T — h,). Since h, is arbitrary on (0, T), w(-) is
decreasing on [0, T').

In the case where b & L>(0, T), the result follows by taking the limit as ¢ —0
and using Proposition 3.6.

Finally, since J; gl:-og in L'(0, T; X) an application of (4.6) gives

gin(} [wi—u) =0 ae.onf0T]

Hence the solution of (1.1) is decreasing on [0, T'].

ReMARK 5.4. If in Theorem 5.3, u, & D(A) and A;u, = g(¢) a.e. on [0, T
for every 4 > 0, then the same conclusion holds.

In what follows we shall apply the results obtained above to the study of the
equation

(5.6) ut+bxAu=uy+b*f(u)

where b is completely positive on [0, T] for every T>0, 4 is linear m-
accretive in X with J;(P) C Pforevery A >0, u,€D(A), and f: X — X satisfies

.7 N fX)—fi | =M|x—y|  foreveryx,y€X

and some M = 0.
First we extend the notion of generalized solution for equation (5.6). As in
Crandall-Nohel [9] and Gripenberg [13] the iteration scheme

u©® = — arbitrary element of L!(0, T; X),
Ut + b e AU+ =y + b * flu™),

where u”*? is the generalized solution to the linear problem, converges in
LL.(0, + oo; X) to some u which we shall call the generalized solution of (5.6).
It is also proved there that u is the L!-limit of u,, where y, satisfies

(5.8) u, +beAu, =uy+ b*>flu).
As an application of the previous results we have the following

THEOREM 5.5. LetA,J,andb beas in Theorem 5.3. Assume moreover that
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(i) b is bounded,
(ii) there exists w = 0 such that f + wl is increasing in the sense of order,
(iii) there exist uy, v,€ D(A) satisfying

UgS v, Aug = flt), Ave Z flw),
Then the generalized solution of

u+brxAu=uy+bxflu) a.e.onR
(5.9
(respectively v+ b s Av=1,+ b * f(v))

is increasing (respectively decreasing), and
(5.10) W=ult)Svt)=y a.e.onR*.

Moreover, for every wy& D(A) such that uy < wy < vy, the corresponding genera-
lized solution w satisfies u(t) = w(t) = v(t), a.e. on R*.

Proor. We prove that u is increasing (the proof of the decreasingness of v
is similar) and u(¢) = v,.
By considering the scheme

Ut + b2 (Au" P + 0u V) = uy + b * (f(u™) + wu™),

©

(5.11)

uw = uo,

it is sufficient to prove that ¥ *+!)(.) is increasing and " *)(¢t) < y, a.e on R*,
when u™ is increasing and ™ < v,

For every T >0 clearly u, satisfies the claim; it follows that #"+*" ijs
increasing.

Indeed (5.11) be rewritten in the form

(5.12) 0D L hw[d + w]z® PV =z, + b« g™

with zg = — g, z®*D = — y®*Y and g"(.) = — (Wu™(-) + flu"(-))), and by
Theorem 5.3 u**"(.) is increasing and u"*!X(t) <y, a.e. on R*, noting that
Auy = flug) + wuy = flu,(t)) + wu,(t) a.e. An easy application of (4.6) gives
the increasingness of u.

To prove (5.10) we set
Wypy =pB+D — 4D

where v+ is the generalized solution to

v+ ha (At + vt =g+ b (fv™) + wr ™)
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and u"*"Y satisfies (5.11).
One sees that w, ., satisfies

Zos1H D * (A2, 0+ @2, ) =0 — U
(5.13)
+ b * (@l + f)v™) — (ol + Hu™)]
and then z,,,EP, because v, — ¥, € P and
(ol + ) v™)— (@l + Hu™)EP

by induction.
Passing to the limit as n — oo in

U= UMW) =<v"™(t)<1v, ae.onR*

one obtains (5.10). The last assertion of the Theorem is proven in a similar
way.

As a consequence of the above result we have

THEOREM 5.6. If in addition to the hypothesis of Theorem 5.5 we assume
that

(i) X is a complete Banach lattice with order continuous norm,

(ii) b ¢ LY (0, o),
then

st-lim u(t)=u,, s:lim nt) = v,

where u, and v,, are respectively the minimal and the maximal solution of the
problem Ax = f(x) in the order interval [u,, v;).

Proor. The existence of s-lim u(t) (respectively s-lim v(¢)) is a direct
consequence of the increasingness (respectively decreasingness) of u (respecti-
vely v), (5.10) and hypothesis (i).

To prove that u,, is the minimal solution of Ax = f(x) in the order interval
[uo, 1] we proceed as follows.

Let w >0 and set g(¢) := f(u(t)) + wu(t) a.e. on R. Then equation (5.9)
assumes the form

(5.149) Uut+tbx(A+whu=u,+bxg

by observing that g € L*(0, + o0; X) and that there exists s-lim,_ , g(¢) = g-
An application of Theorem 3.31 of [8] gives
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(5.15) Au, = flu,).

To conclude the proof one has only to observe that if x is any solution of
Ax = f(x) in the ordered interval {u,, vy], then ¥, < u(¢) = x a.e. on R and
then u, < u,, = x. The proof that v,, is the maximal solution to Ax = f{(x) in
[4, vo] is similar.

REMARK 5.7. () Ifb¢LY0, + ) and 4, = v, then the solution to
z+bxAz=2z,+ b *f(2)

with uy < z, = v, and Ay, =< f(u,), Avy = f(1,), converges strongly as n — oo to
the unique solution of Ax = f{x) in the order interval [u, vy].

(ii) If (i) of Theorem 5.6 is replaced by

@iy b€LY 0, + ),
then s-lim u(t)=wu, (respectively s-limv(t)=v,) satisfies Au, = fu,)
(respectively Av, = f(v,).
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